The dynamics of a Frenkel-Kontorova chain subject to a substrate potential with a multiple-well structure and driven by an external dc force is studied in the underdamped regime. Making a rational choice among the three inherent length scales characterizing the system allows us to consider the possible formation of commensurate structures during sliding over the complex on-site potential. We comment both on the nature of the particle dynamics in the vicinity of the pinning-depinning transition point, and on the dynamical states displayed during the chain motion at different strengths of the dc driving. Varying the number of particles in the simulations allows us to consider, on a multiple-well substrate, the role played by the coverage variable on the depinning mechanism. The dependence of the minimal force required to initiate the chain motion ͑static friction͒ on the ratio of the model interaction strengths is analyzed and compared to the well-known case of the standard Frenkel-Kontorova model, which has only two inherent lengths.
I. INTRODUCTION
More than 60 years ago, Frenkel and Kontorova used a simple discrete one-dimensional ͑1D͒ model, first analytically treated by Dehlinger ͓1͔, to describe the dislocation dynamics in crystals ͓2͔. This model has nowadays become very popular in many branches of solid state and nonlinear physics ͓3͔: domain walls in ferroelectrics, the problem of crowdions localized interstitial defects in a metal, superionic conductors, submonolayer films of atoms on crystal surfaces, surface reconstruction phenomena, DNA dynamics and denaturation, the theory of Josephson junctions, and so on. Especially in connection with solid friction phenomena, the application of driven Frenkel-Kontorova ͑FK͒ type models has recently received an increasing interest ͓4͔ as a possible interpretative tool to more deeply understand the complex field of nanotribology, i.e., of the atomic processes occurring at the nanoscale between the interfaces of interacting materials in relative motion. In these one-dimensional models, a certain density of interacting particles is made to slide, in the presence of dissipation, over a rigid substrate potential by the application of an external ͑impulsive, dc or ac͒ driving force. These modeling studies have been mainly stimulated by the microscopic approaches, both experimental and computational, developed during the past few years for the theory of friction. Indeed, recent advances in technology ͓5͔, notably the use of the atomic-force microscope, the friction-force microscope, surface-force apparatus, and the quartz-crystal microbalance, have provided the possibility to build experimental devices able to perform well-defined analyses on well-characterized materials at the nanoscale. Simultaneously, the evolution of powerful computers now allows microscopic investigations ͑e.g., molecular dynamics simulations with realistic potentials ͓6͔͒ able to supply very detailed information on the atomic scale for realistic sliding systems. Such simulations can, however, become extremely demanding, particularly when three-dimensional calculations are performed. This recent acceleration in the acquisition of experimental and computational data has brought searches for simple mathematical models capable of describing, in a more immediate and understandable way, the essential physics involved in tribological phenomena.
In its simplest form, the standard FK model, whose systematic and analytical study is mainly due to Aubry's work ͓7͔, consists of a one-dimensional chain of particles coupled by a harmonic nearest-neighbor interaction under the influence of an external spatially periodic ͑sinusoidal͒ potential. The essential physical feature of the model consists of the competition between these two types of interactions: the former favors a uniform separation among particles; the latter tends to pin the atom positions to the bottom of the substrate wells. This competition, often referred to as frustration or, more specifically, length scale competition, results in a rich complexity of spatially modulated structures.
Some important generalizations of the FK model have already been taken into account by studying more general types of substrate potential, as well as anharmonic interactions in the chain. As far as the on-site potential is concerned, its introduction can be justified ͓8͔ via a self-consistent microscopic model where only interparticle interaction is considered. The on-site substrate potential in the FK model can, in fact, be viewed as an effective potential produced by the coupling of the chain atoms with other degrees of freedom such as, the substrate atoms. Moreover, the simple sinusoidal potential corresponds to the lowest possible approximation. Namely, when the substrate particles constitute a simple lattice with one atom per elementary cell, and where, in the Fourier expansion of the interaction potential, the main approximation is given by the first harmonic.
To model real physical systems, it is sometimes helpful to consider substrate potentials which may vary substantially from the regular one assumed in the standard FK model, with a possible consequent drastic change in the friction dynamics between the two solid interfaces. The deviation of the substrate potential from the sinusoidal shape changes the parameters of both linear and nonlinear interactions. This may lead to qualitatively different features such as the appearance of different types of kinks, phonon branches, changes in kink-antikink collisions, and modification of breather ͑kink-antikink bound state͒ solutions. In general, at low external fields, the dynamics is governed by a mechanism that can be identified as the motion of kinklike structures. As the imposed driving is increased, a nonlinear evolution regime occurs. Then, for large external forces, the barriers to the particle motion are completely suppressed, and the ''current'' becomes proportional to the applied field. In the presence of substrate potentials with several different minima and maxima ͑and therefore also of possible different types of kink structures͒, we might, for example, expect some different behaviors in the chain mobility response at low-driving regimes.
In a recent work ͓9͔, the case of a driven one-dimensional array of particles sliding over a quasiperiodic substrate potential has been analyzed. This study, characterized by the absence of periodicity ͑the maxima and minima of the potential are no longer evenly spaced, nor are they of equal amplitudes͒, was motivated in order to gain insight into the more complex problem of friction between two disordered solids, by starting from this precisely defined case, intermediate between order and true randomness. The three inherent lengths of the system, two of which define the quasiperiodic substrate geometry and one of which characterizes the natural equilibrium separation among the chain particles, were chosen to be mutually incommensurate ͑i.e., each of the three length scales in the model was incommensurate with respect to the other two͒. This choice allowed the analysis of the dynamic behavior of an equivalent FK quasiperiodic system previously studied in the pure static regime ͓12͔. Due to the geometrical features of this quasiperiodic system, it is theoretically possible to compare the numerical simulations with recent experimental results obtained in tribological studies between quasicrystalline solid surfaces ͓13͔. However, in practice, it would probably first be necessary to generalize this model to at least two dimensions, where it would be possible for the sliding particles to avoid passing over the highest barriers in the substrate potential, which they have to overcome in one dimension. It should be noted also that the present experimental data on quasicrystal tribology does not clearly relate desirable frictional properties with unique atomic arrangements.
Given the recognized importance of the mathematical properties ͑number theory͒ of the different length scales involved in FK models ͓7͔, it is natural to recall that the absence of translational invariance ͑that an incommensurate choice of the substrate characteristic length scales would imply for a quasiperiodic function͒ does not signify a complete lack of order as, for example, in the case of true randomness. The ''regular features'' of this order are indeed restored in the framework of a general classification, familiar in crystallography, called superspace group theory ͓14͔, which proves how aperiodic, but not amorphous, structures can be embedded in a higher-dimensional space.
In this paper, we shall, instead, restrict ourselves to the case of commensurate choices among the three model length scales. This allows us to consider, in the underdamped dynamical regime, the possible formation of commensurate structures during the sliding of a one-dimensional FK chain over a complex substrate potential.
The paper is organized as follows. In the following section, we present the driven FK-type model subject to the complex, ͑multiple-well͒ substrate potential and to a weak viscous dissipative term. The numerical technique implemented to solve the equations of motion is summarized in Sec. III. Section IV is devoted to the obtained simulation results for different rational choices of the inherent model lengths. The pinning-depinning transition is studied as a function of the number of chain particles ͑coverage variable͒ and for different values of the interaction strengths. The commensurate structures emerging during the chain motion and characterizing the different dynamical states in the mobility curve are displayed. Conclusions are given in Sec. V.
II. MODEL
We consider the dynamics of a FK-type chain, whose N particle positions ͕x i ͖ satisfy the following equations of motion:
where ␥ is a phenomenological viscous damping coefficient, chosen such that we are in the underdamped regime, and F is the external driving force; the coefficient ␥ can be thought of as representing degrees of freedom inherent in real, physical systems which are not explicitly included in our model ͑e.g., vibrational or electronic excitations in the substrate͒. Regarding this topic, a 2D isotropic elastic model has been recently introduced ͓10͔ to study the flow of energy away from a sliding interface between two atomistically flat workpieces. This model does not include any extrinsic damping terms, thus allowing an isolated examination of the way, in which the propagation of energy away from the sliding interface affects the friction process. At least qualitatively, the behavior observed was similar to that seen in simple 1D friction models including ad hoc viscous damping ͓11͔. This result provides indirect evidence that the effects of the degrees of freedom eliminated in simple models on the remaining degrees of freedom can be approximated by the inclusion of a viscosity term in the equations of motion. In Eqs. ͑1͒, the interatomic interaction is chosen to be of the simple harmonic form
with a strength K and a natural equilibrium spacing b determined by the ratio L/N, where L is the chain length. The two lengths defining the on-site substrate potential are then a and cϭa/␤. In the limit that ␤ϭ1, the model contains only two length scales and we retrieve the standard FK model. As already stated, in the present work, these characteristic lengths are chosen to be mutually commensurate, i.e., a/c ϭM 1 /M 2 , with M 1 and M 2 integer numbers. This means that the periodicity T of the substrate turns out to be T ϭM 2 aϭM 1 c. Here, we will fix aϭ1 and vary the parameter ␤. Naturally, imposing periodic boundary conditions on the system, implies that the chain length L must be an integer multiple Q of the period T.
III. NUMERICAL PROCEDURE
The following scheme to vary adiabatically the driving force was implemented in a fourth-order Runge-Kutta algorithm to solve numerically the equations of motion ͑1͒. The system was initialized with the particles placed at rest at a uniform separation b. The dc force F was then increased adiabatically from 0 to 1 in steps dFϭ0.005. For every value of F, and with a sufficiently small time step (dt ϭ0.006), Eqs. ͑1͒ were integrated over a time period (t ϭ300), which was long enough to eliminate transient behavior and reach a steady state. The average system velocity
was then calculated over a time t f Ϫt i ϭ150. The final chain configuration ͑positions and velocities͒ obtained at one value of F was used as the initial condition for the integration of the dynamics for the next value of the driving.
IV. RESULTS
Our numerical simulations have shown that the different dynamical structures emerging during the motion of the chain particles over the substrate potential must possess, due to the existence of periodic constraints and of the substrate periodicity T, commensurate lengths. Explicitly, all the possible periodicities for these dynamical particle configurations in the chain are given by the factors of QT. Moreover, when these structures moving around the chain have a commensurate length larger than the substrate period, their topological shape often turns out to be decorated ͑depending also on the ''commensurability'' of the number of particles N with respect to the substrate characteristic lengths͒ by superimposed smaller deformable particle configurations respecting the same periodicity T of the on-site potential. Naturally, the possibility to display, during the dynamics, a variety of different length structures is constrained by the chain stiffness, i.e., the value of the interatomic strength K, as well as by the number of chain particles N, due to the imposed periodic boundary conditions TQϭbN(ϭL).
In the following, restricting ourselves to commensurate ratios of the characteristic lengths of the model, we shall analyze the behavior of the chain motion for a finite system size L, commenting both on the nature of the particle dynamics in the vicinity of the pinning-depinning transition, and on the dynamical states displayed during the particle motion at different values of the driving, F. The dependence of the minimal value of the force, F s required to initiate the chain motion ͑static friction͒ on the ratio of the interparticle and substrate interactions will be considered and compared to the standard FK model.
Chain length L. The substrate periodicity T is contained an integer number of times in the system length L for values of ␤ϭM 1 /L, with M 1 ϭ1, . . . ,L. In principle, we have, therefore, the possibility of simulating the dynamics of the chain particles over L different substrate potentials. From Eqs. ͑1͒, for M 1 ϭL, the standard driven FK model is recovered. Due to the impossibility, for every fixed value of L, of studying the chain dynamics for each specific substrate shape in detail, we will consider just a few examples, in an attempt to give a general idea of the characteristic system behavior. Additionally, varying the number of chain particles allows us to analyze on a complex substrate, with different spacings and amplitudes among its maxima and minima, the role played by the coverage variable ͑defined as the ratio of the number N of atoms to the number of minima in the substrate potential͒ on the depinning mechanism. We now consider some specific values of the parameter ␤ allowed by the imposed periodic boundary conditions for a system of length L.
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Figures 1͑a͒ and 1͑b͒ show, respectively, the substrate potential and substrate force for the system size Lϭ30 for the chosen values of the model parameters. In each substrate unit cell of period T(ϭ5), we count five wells for the ␤ ϭ24/30 case. The effect of the external driving, F, is to tilt the potential, producing a corrugated surface whose average slope is determined by F. Increasing the driving leads, in the presence of a complex substrate, to a sequential disappearance of the potential minima ͓see Fig. 1͑c͔͒ until the situation with no stable positions for the chain particles is reached.
For an undriven analysis (Fϭ0), the most commensurate case is obtained by placing 30 particles in the system size Lϭ30, so that we have one particle per well. However, from a dynamical point of view, we notice that once we tilt the on-site potential by the application of the external force, the lowest minima, having a height much smaller than the others, soon disappear and each substrate cell then contains only Figure 2 represents the average mean chain velocity, as a function of the driving F, for chains with different numbers N of particles. As far as the pinning-depinning transition is concerned, we can observe that for Nϭ24, there are no extra particles ͑kinks͒ in place to initiate the motion when the Peierls-Nabarro ͑PN͒ barrier disappears. Consequently, without any noise or thermal fluctuations to create a kink, the chain motion does not start when we exceed the PN barrier and dynamics is delayed. Then, as the number of particles Nϭ25,26, . . . , etc., is increased, each extra particle provides one more ''intrinsic'' kink, and the pinning-depinning transition occurs at a lower value of the driving ͑compared to the case with Nϭ24), i.e., as soon as the PN barrier is exceeded.
We observe a rise in the mobility that is roughly proportional to the number of these intrinsic kinks, up until N ϭ30 ͑see inset of Fig. 2͒ . For the same value of the external driving (Fϭ0.375), just above the depinning transition, four particle trajectory configurations are shown in the subplots of Fig. 3 . As can be observed, each added particle above N ϭ24, corresponds to an extra kink propagating through the chain. An approximate evaluation of the PN barrier, obtained by placing four particles per cell, adding one more particle and forcing the extra particle to move from one cell to the next, whilst minimizing the energy of the system for each position of this extra particle, gives good agreement between the point, at which there is no barrier for the kink to move and the point, at which motion begins in the simulations.
Because of the more complex substrate potential as compared to the simple sinusoidal one of the standard driven FK model, it is not easy to trace a precise relation between the steps shown in the curves of the averaged chain velocity versus the external driving force, above the depinning threshold, and the various dynamical behaviors observed during the chain motion. Moreover, these regimes, characterized by rearrangements of particle configurations ͑spatial inhomogeneities͒ and by different periodicities and amplitudes of the structures moving around the chain, turn out to be strongly dependent also on the number of system particles and on the chain stiffness.
For the choice of the parameter ␤ϭ24/30 and a chain composed of 30 particles, the dynamics exhibits, for different values of the driving F, commensurate structures, as shown in Fig. 4 . The periodicities of these structures turn out to be 5, 10, 15, and 30: these are all the possible values that are both multiples of the substrate periodicity Tϭ5 and factors of the length, Lϭ30. The corresponding particle trajectories, all displayed for the same time interval, are presented in the four insets of Fig. 5 . In this picture, it is not important to figure out all the details for each particle trajectory; the reader, instead, should notice the presence of the visible dark ͑localized chain compressions͒ and light ͑localized chain expansions͒ ''stripes'' corresponding to the commensurate structures displayed, previously, in Fig. 4 .
These dynamical structures moving around the chain often show superimposed decorations of period T. The fact that in this case, these decorations of length 5 are each formed by five particles is merely due to the number Nϭ30 of particles constituting the chain. For a chain with Nϭ24 and for the same value of ␤, the simulations revealed that the structures exhibiting a characteristic length of period Tϭ5 are, in fact, made up of four particles.
It is reasonable to expect that increasing the system stiffness, i.e., the value of the interatomic strength K, will reduce the possible periodicities of the moving structures since the relative separations of the chain particles will be much more constrained. Consequently, as shown in Fig. 6 , spatially inhomogeneous intermediate states, between the locked configuration and the running one, tend to decrease in number for increasing values of K.
We have also investigated the dependence of the static friction F s on the interatomic interaction strength K for various numbers of particles, N. Some of the results are shown in Fig. 7 .
Although the exact forms of the curves are complicated and different for each number of particles, ͑and also for each value of ␤), one notices that the curves can be separated into two groups, depending on their limit for large K. The plots for Nϭ24 and 30 particles approach the value 1/2, whereas the other cases plotted tend to zero, as K increases. There is a third possibility not shown on Fig. 7 . For only six particles in the chain, the static friction is 1, independent of the interatomic interaction. To see how these three categories arise, consider the possible stable particle configurations when the chain is pinned. These must satisfy the equations 1 2 ͑ sin 2x i ϩsin 2␤x i ͒ϩK͑ x iϩ1 ϩx iϪ1 Ϫ2x i ͒ϭF.
͑4͒
So, summing over all particles in the chain we obtain
For Kӷ1, the particles are nearly equally separated, i.e., x i ϭiL/Nϩ⌬ϩO(1/K), where ⌬ is a uniform shift for all particles. Substituting this into Eq. ͑5͒ and noting that ␤ ϭM /L we see that 
For most choices of parameters, the sums above will add to zero. So, there is no possible stable solution for FϾ0 and the static friction will vanish as K→ϱ. However,whenever N is a factor of M or L, then the summations will not vanish and a nonzero static friction will result. The static friction will then be, either 0.5, if N is a factor of either M or L ͑the cases Nϭ24,30 shown in Fig. 7͒ , or 1, if N is a factor of both M and L (Nϭ6 for ␤ϭ24/30 and Lϭ30).
One notable feature of the curves is that they can be nonmonotonic. This is in contrast to the normal FK model, where one obtains a constant static friction with one particle per potential well, and a static friction that decreases with K when an extra particle is present. A study of the pinned configurations in our model shows that a restructuring occurs in the stable state of the cells with six particles at the value K ϭ1. This leads to the characteristic downward spike in the static friction at Kϭ1 when Nϭ25, 26, 27, 28, 29, and 30. Similar changes in the pinned states as one varies the elastic constant K, have been observed in other studies and have also produced unusual features in the behavior of the static friction ͓9͔. It is the complex, multiple-well nature of the substrate potential that allows for a discontinuous change in the stable positions of the particles as one varies the elastic constant, and so permits the nonmonotonic behavior.
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We have verified that similar results are obtained considering the depinning mechanism of a chain with a different length L and the same value of the parameter ␤, so that the substrate is characterized by the same shape and periodicity T(ϭ5) as above. In this case the dynamics are again delayed when no intrinsic kinks are present in the chain ͑for N ϭ32) and the mobility increases, just above the pinningdepinning transition point, proportionally to the number of these intrinsic kinks ͑from Nϭ33 to Nϭ40), until there is one extra atom per periodic cell.
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Essentially the same observations are possible for the potential displayed in Fig. 8 , in which a very small potential maximum divides two adjacent minima. Its rapid disappearance upon application of the external driving leaves the five cells contained in the system size Lϭ30 with five wells each.
The averaged mean chain velocity shown in Fig. 9 emphasizes that, dynamically, the most commensurate case, where no intrinsic kinks are present to initiate the motion, is the one corresponding to Nϭ25.
Other ratios
We have also carried out simulations for other rational choices of the inherent lengths defining the model and allowed by imposing periodic boundary conditions on a finite system of size L. For all these simulations, we have recovered dynamical behavior consistent with the previously mentioned observations regarding the system commensurability.
V. CONCLUSIONS
In this paper, we have studied the dynamics of an interacting chain of atoms driven, over a complex ͑yet periodic͒ substrate potential, by a dc external force and subject to a weak viscous damping. The three inherent lengths of the model, defining the multiple-well substrate geometry and the natural equilibrium separation among the chain particles, were chosen to be mutually commensurate. Due to this rational choice, and to the imposed periodic boundary conditions for finite size systems, we were able to observe the formation of commensurate dynamical structures during the sliding over the substrate. When these moving structures were extended enough with respect to the substrate period T, their topological shape turned out to be decorated by superimposed smaller deformable particle configurations with periodicity T. The structure geometries and amplitudes are, clearly, dependent also on the stiffness ͑i.e., the interatomic strength K) and length ͑i.e., the particle number N) of the chain. These dynamical entities characterize the different spatially inhomogeneous stable states, giving rise to the multiple steps found in the chain mobility as a function of the imposed driving force.
Applying an external field F to a multiple-well substrate leads to a sequential disappearance of the substrate potential minima until the situation with no stable particle positions is reached. Varying the number of chain particles allowed us to illustrate the role played by the coverage variable in the depinning mechanism and the difference, in this case, between its static and dynamic commensurability. This characteristic behavior is particularly emphasized when the substrate geometry has maxima and minima with large differences in heights. This may well occur in the real physical situation of lattices with a complex unit cell.
Evidently a detailed analysis of the particle dynamics requires a study for every specific complex substrate shape. Nevertheless, our results allowed us to infer some general qualitative behavior connected to the length scale commensurability of the system. The formation of the observed commensurate structures may be relevant to future studies concerning the sliding of one-dimensional chains over truly irregular ͑i.e., random͒ substrate potentials, where, depending on the model parameters, these kind of moving entities could emerge as important mesoscopic elements in the rich multiscale spatio-temporal behavior of the full system.
